Abstract. The guided spline approach to surface construction separates surface design and surface representation by constructing local guide surfaces and sampling these by splines of moderate degree. This paper explains a construction based on tessellating the domain into V-shaped regions so that the resulting C 2 surfaces have G 2 transitions across the boundaries of the V-shapes and consist of tensor-product splines of degree (6,6) with patches of degree (4,4) forming a central cap.
Introduction
Our goal is to smoothly fill or cap a multi-sided hole in a C 2 spline complex by a (small) finite number of spline patches and without introducing shape artifacts such as curvature fluctuation or loss of convexity. The surface cap will interpolate position, first and second derivative for spline boundary data up to degree 6. This degree permits exact blends not only in the common setting of bicubic patch complexes, but also when joining features like cylinders and tori (see Figure 12 ). We follow the general strategy laid out and illustrated in [1] : we separate surface design and surface representation by constructing local guide surfaces and sampling these by splines of moderate degree. For a guide surface g : R 2 → R 3 , a tessellation mapρ : R 2 → R 2 , the sampling (6, 6 ) (6,6) (4,4) (6, 6 ) constructed according to [2] . (right) The focus of this paper: transition ring of degree (6, 6) and final cap consisting of n V-shaped surface pieces of degree (4, 4) .
operator H : g •ρ → x maps the composition of the guide and the tessellation map to the final surface representation x := H(g •ρ). We can interpret this as H deciding the formal continuity and g expressing the design intent. In particular, g is a surface piece that outlines the intended shape, but need not fit the requirements of a typical modeling pipeline due to its representation or lack of continuity with the existing data. H takes data from g to approximately rebuild g but in a framework suitable for standard design cycles. The basic construction options for H andρ have been laid out in detail in [2, 1] . The remaining, nontrivial technical challenge in devising surface caps is to find good transitions τ : R 2 → R 2 between maps ρ and σ, where ρ : R 2 → R 2 is the parameterization of the surrounding data and σ : R 2 → R 2 tessellates the immediate neighborhood of the pre-image of a central point (see Figure 2 , dark, blue areas). Two finite constructions of this type have been devised in [3, 1] . In [1] , ( Figure  2 , left), σ and τ are of degree (5, 5) and the key to the construction is that the partial derivatives ∂ k σ, k = 0, 1, 2, of σ on the n sector partitioning edges (cf. Figure 3 , left) of the n-sided cap are of degree 2k + 1. There are 3n polynomial pieces in τ . In [3] , (Figure 2 , middle), σ and τ are of degree (3, 3) and (4,4) respectively, and there are 30n polynomial pieces in τ . The key technical achievement of this complex construction is that the partial derivatives ∂ k σ across the outer n-gon boundaries of σ are of degree k + 1. This yields patches of degree (4, 4) surrounding the central point. The present paper introduces a third parameterization, (Figure 2, right) , closely related to second construction, but simpler and unusual in its layout (see Figure 1) . It results in 16n polynomial pieces in τ , such that the outer boundaries of σ are of degree k + 1. Again, this yields C 2 surfaces with splines of degree (6, 6) in the transition and patches of degree (4, 4) surrounding the central point. The unusual V-shaped layout is inherited from the tessellation of the neighborhood of the pre-image of the central point. This tessellation is described in Section 2. The tessellation needs to transition smoothly to a standard parameterization of surrounding data for the transition between central cap and guided approach to work. The transition tessellation is defined in Section 3. Section 4 then defines the surface cap. The advantage of the present construction -compared to [1] is the lower overall degree, -compared to [3] the halving of the number of patches, simpler layout and stability for higher valences.
A V-shaped tessellation map
The basic idea underlying the tessellation was introduced in [4] in order to generate C 2 surfaces of least polynomial degree. While the approach advanced our technical repertoire, the accompanying algorithm was of limited use due to bad geometric properties for valences above 6. Specifically, the low degree was based on a parameterization of the unit n-gon and, for each corner, the independent local parameters u and v were associated with the directions of consecutive n-gon edges. Unfortunately, the angle between consecutive edges approaches 180
• as the valence increases, leading in the limit for n → ∞ to singularity, and much earlier to self-intersections of the Bézier control structure associated with the prolongation τ e of the parameterization across the vertices (see Figure 3 , middle top). [3] proposed a solution to this degeneracy, based on the observation that a finer partition allows to locally resolve the near-singularity. However, the construction is complex and applies reasonably only up to n = 8 (which, in practice, usually suffices). Here, we propose a more efficient solution of this geometric problem keeping only the algebraic flavor of [4] . The idea is to cut out the obtuse angles and arrive at a V-shaped domain for each sector of σ as in Figure 3 right. We parametrize along v 0 , v 1 , v c ,v 1 ,v 0 by σ so that the boundary is piecewise linear, the first transversal derivative piecewise quadratic and only the second transversal derivative is of actual degree 3. Along the edge v 0 , v 1 (Figure 4 left), the map consists of a single piece, along v 1 , v c of two pieces to be able to create a consistent match at v c . The pieces are C 2 connected and, in particular, the pieces join correctly and are consistent at v c (Figure 4 middle) and at the corners v 1 (Figure 4 right) .
The parameterization is chosen symmetric with respect to rotation by one sector. Each sector map σ is symmetric with respect to the bisectrix of the sector. We abbreviate
A sector is bounded by the sector partitioning rays 0, (1, 0) and 0, (c, s) and the Vshaped domain is the polygon (cf. Figure 3 right)
i.e. in terms of three parameters z 0 , z 1 , z 2 . We split the V-shape into three quadrilaterals as shown in Figure 6 , left. Later on, we parameterize the V-shape by three bilinear maps β, defined by the boundaries of the quadrilaterals. Here we focus on a higher-order parameterization σ that plays a crucial role in the construction. We need only construct the derivatives of σ up to second order, across the border Figure 3 , right. These 'tensor-border' data will define the transition map τ along the outline of the V-shape, and, in turn, is used to compute the transition between the central cap and the guided rings.
The tensor-border data, position, first and second derivative, are defined by three layers of Bézier coefficients. The first layer is piecewise linear and the second piecewise quadratic as follows. Figure 4 , left) in degree-raised Bézier form:
with the prolongation e := (ii) The first, inner layer from the tip is quadratic in degree-raised form (medium lines in Figure 4 , left). Since pieces corresponding to the same polygon edge join C 2 , they are actually a single quadratic and (iii) only the third layer (fat lines in Figure 4 , left) is of actual degree 3 and consists of more than one polynomial piece per polygon edge. Second and third layer are defined as , we satisfy the C 2 continuity constraints. We summarize the result in Lemma 1.
Lemma 1. The tessellation map
n , the maps of two adjacent sectors, σ and Rσ, join C 2 atv 0 .
Using the explicit formulas, it is easy to formally verify Lemma 1. In particular, C 2 extensions of σ on v 0 v 1 andv 0v1 join at the circled point in Figure 6 ,right. This will allow constructing τ of degree (4, 4) . The intuition behind the approach and a specific, unique instance of σ are sketched in Figure 5 .
Transition τ from σ to ρ
We now build a transition τ between the innermost parameterization σ of the V -shape and the outer parameterization ρ, the characteristic map of Catmull-Clark subdivision.
One sector of the transition will consist of 16 patches of degree (4,4) as shown in Figure 7 . The Bézier net of one of the n rotationally equivalent sectors of τ * , a precursor of τ , is shown in Figure 6 . The outer (dark grey) layers of Bézier control points are defined by the C 2 prolongation of ρ and the inner (light grey) layers by σ. Then the internal C 2 constraints leave only the control points marked as black disks free to choose.
Symmetry further cuts the number of free scalar values to 20. For n = 3, all 20 free parameters are determined using the functional F 4 below. For n > 4, we set v 0 := λw 0 , where λ is subdominant eigenvalue of Catmull-Clark subdivision. The remaining 19 parameters are determined by minimizing the functional F 4 summed over all 16 pieces of transition. Here
and
Note that the functional is not applied to a surface in R 3 , but to a map in R 2 , and that these maps depend only on the valence, i.e. can be precomputed once and for all. Transition tessellations τ * for various valences are shown in Figure 7 . When compared to ρ, the first two derivatives of the transition maps τ * in Figure 7 are one quarter the size. The univariate example in Figure 9 , right, indicates that adjusting the spacing to make the derivatives larger improves the transition characteristics. Figure 8 shows the internal partition of the final map τ with the adjusted spacing according to Figure  10 , right. Explicit formulas for the undetermined Bézier coefficients are provided in the Appendix. The underlying observation is that the change of lengths between τ * of Figure 7 and ρ causes problems when the guide is switched at the same time from g to q (see Figure 11 left) . In contrast, unequal lengths within τ and correspondingly narrow patches sampling from one good guide q yields a stable procedure for all valences and does not appear to introduce any geometric artifacts (see Figure 11 right). 
Surface cap in R 3
The operator H decouples the degree of the composition of guide and tessellation map from the degree of the resulting surface ring. However, for the cap, we need a lowdegree guide to arrive at a final surface that has low degree. After three guided surface rings, piecewise quartic guides do well since, in the mth ring, the kth order terms have decayed to λ −km their original size, where λ < 1 is the subdominant eigenvalue of Catmull-Clark subdivision. So we may replace any initial guide g by a C 2 piecewise polynomial guide q of total degree d = 4.
Standard C 2 prolongation from the last guided ring attaches the transition surface x t := H(q • τ ) to the surrounding surface; and x t consists of 16 patches of degree (6, 6) . Figure 11 , left, illustrates that switching the guide from g to q. Applyingτ * in the same, third surface ring has a detrimental effect on the curvature distribution. Figure  11 , right illustrates two alternative strategies that result in visually identical curvature images. The first switches to q in the fourth ring and uses τ * in an additional fifth ring; the second switches guide and tessellation in the same, fourth ring, but uses τ .
The resulting transition patchwork then smoothly joins the innermost cap. Since we only change the parameterization, not the image, the central V-shaped piece can alternatively be parametrized by σ or by β where β consists of three bilinear pieces tracing out the V-shape. For example, one piece has the coefficients v 0 , v 1 , v c and a point on the edge0 v 0 . That is, the central V-shaped piece of the surface can be defined by the composition q • β of degree (4,4) i.e. be reinterpreted as a bilinearly trimmed piece of the guide q.
Theorem 1 (C 2 continuity). With R the rotation by 2π/n and β a parameterization of the V-shaped domain consisting of three bilinear pieces,
Proof. Since β and σ have the same V-shaped range, the point sets q • β and q • σ agree in R 3 (the same piece of the C 2 guide surface is cut out). Since q • σ and q • Rσ join G 2 , (a) follows. For any preimage E of a line segment of the boundary
2 . By the agreement of q • σ and q • β explained earlier, (b) holds. Since q is of degree 4 and β of degree (1,1), the composition q • β is of degree (4, 4) .
Overall, from the outside towards the central point, the construction yields a sequence of surface rings H(g • ρ) of 3n patches of degree (6,6), followed by a transition ring H(q • τ ) of 16 patches of degree (6,6), followed by a cap q • β of 3n patches of degree (4,4).
Discussion
While a number of techniques now exist that automatically create curvature continuous blends [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , none fully meets the requirements of product-defining outer surfaces in high-end design of CAD/CAM applications. For example, [16] showed that shape deficiencies are intrinsic to all major subdivision surface constructions, no matter how carefully a designer might adjust the input data. Algorithms that build on, say CatmullClark, subdivision inherit the problems. Conversely, constructions that do not make use of multiple refinement steps and construct the blend from a minimal number of polynomial pieces typically pay for the abrupt transition of patch type with curvature fluctuations.
In contrast to the prevalent all-in-one approach, the guided approach explicitly separates the initial shape design from surface representation. The initial shape is defined via local surface fragments that need only obey few constraints. These fragments are then sampled (re-approximated) so that the output fits standard design cycles.
Compared to the C 2 scheme in [1] , the presented approach has lower overall degree. Compared to [3] the number of patches is halved and the layout is simpler so that the scheme is stable even for higher valences. The curvature distribution of all three schemes is very similar. 
